The notions of energetic (resp. right vanished, right stable) subsets and (anti) permeable value are introduced, and related properties are investigated. These notions are applied to the theory of BCK/BCIalgebras. Regarding (anti) fuzzy subalgebras/ideals in BCK/BCI-algebras, relations between subalgebras/ideals and energetic subsets are investigated.
Introduction
Algebraic structures play a prominent role in mathematics with wide ranging applications in many disciplines such as theoretical physics, computer sciences, control engineering, information sciences, coding theory, topological spaces and so on. This provides sufficient motivation to researchers to review various concepts and results from the realm of abstract algebra in the broader framework of fuzzy setting. BCK and BCI-algebras are two classes of logical algebras which are introduced by Imai and Iséki (see [3, 4] ). This notion originated from two different ways:
(1) set theory, and (2) classical and non-classical propositional calculi.
In set theory, we have the following simple relations: (A−B)−(A−C) ⊆ C −B and A − (A − B) ⊆ B. Several properties on BCK/BCI-algebras are investigated in the papers [5] , [6] , [7] , [8] and [9] . There is a deep relation between BCK/BCI-algebras and posets. Today BCK/BCI-algebras have been studied by many authors and they have been applied to many branches of mathematics, such as group, functional analysis, probability theory, topology, fuzzy set theory, and so on. Various problems in system identification involve characteristics which are essentially non-probabilistic in nature [11] . In response to this situation Zadeh [12] introduced fuzzy set theory as an alternative to probability theory. Uncertainty is an attribute of information. In order to suggest a more general framework, the approach to uncertainty is outlined by Zadeh [13] .
In this paper, we introduce the notions of energetic (resp. right vanished, right stable) subsets and (anti) permeable values in BCK/BCI-algebras. Using the notion of (anti) fuzzy subalgebras/ideals of BCK/BCI-algebras, we investigate relations among subalgebras/ideals, energetic subsets, (anti) permeable values, right vanished subsets and right stable subsets.
Preliminaries
A BCK/BCI-algebra is an important class of logical algebras introduced by K. Iséki and was extensively investigated by several researchers.
An algebra (X; * , 0) of type (2, 0) is called a BCI-algebra if it satisfies the following conditions:
If a BCI-algebra X satisfies the following identity:
then X is called a BCK-algebra. Any BCK/BCI-algebra X satisfies the following axioms:
where x ≤ y if and only if x * y = 0. A nonempty subset S of a BCK/BCIalgebra X is called a subalgebra of X if x * y ∈ S for all x, y ∈ S. A subset I of a BCK/BCI-algebra X is called an ideal of X if it satisfies:
We refer the reader to the books [2, 10] for further information regarding BCK/BCI-algebras. A fuzzy set f in a BCK/BCI-algebra X is called a fuzzy subalgebra if it satisfies:
(2.7)
A fuzzy set f in a BCK/BCI-algebra X is called a fuzzy ideal if it satisfies:
(2.9)
Note that every fuzzy ideal f of a BCK/BCI-algebra X satisfies:
3 Energetic subsets Definition 3.1. Let X be a BCK/BCI-algebra. A non-empty subset A of X is said to be S-energetic if it satisfies: The set A := {a, b, c} is an S-energetic subset of X, but B := {a, b} is not an
. This is a contradiction, and so a * b ∈ X \ A.
Theorem 3.4. If A is a subalgebra of a BCK/BCI-algebra X, then
A is a subalgebra of X. This is a contradiction, and thus {a, b} ∩ (X \ A) = ∅. Therefore X \ A is an S-energetic subset of X.
According to Theorems 3.3 and 3.4, we know that any S-energetic subset of a BCK/BCI-algebra X may not contain the zero element of X.
Given a fuzzy set f in a set X and t ∈ [0, 1], we define useful subsets of X.
Proposition 3.5. If f is a fuzzy subalgebra of a BCK/BCI-algebra X, then
(∀t ∈ [0, 1]) f ≤ t = ∅ ⇒ f ≤ t is an S-energetic subset of X . Proof. Let x, y ∈ X be such that x * y ∈ f ≤ t . Then t ≥ f (x * y) ≥ min{f (x), f(y)},and so t ≥ f (x) or t ≥ f (y). Hence {x, y} ∩ f ≤ t = ∅. Therefore f ≤ t is an S-energetic subset of X.
Corollary 3.6. If f is a fuzzy subalgebra of a BCK/BCI-algebra X, then
Proof. Straightforward.
The following example shows that the converse of Proposition 3.5 is not true. .
Since every fuzzy ideal is a fuzzy subalgebra in BCK-algebras, we have the following corollary.
Corollary 3.8. If f is a fuzzy ideal of a BCK-algebra X, then
The following example shows that the converse of Corollary 3.8 is not true. . 
Definition 3.13 ([1]).
A fuzzy set f in a BCK/BCI-algebra X is called an anti fuzzy subalgebra of X if it satisfies:
(3.3)
Definition 3.14 ([1]).
A fuzzy set f in a BCK/BCI-algebra X is called an anti fuzzy ideal if it satisfies:
(3.5)
Theorem 3.15. Let f be a fuzzy set in a BCK/BCI-algebra X and let
t ∈ [0, 1] be such that f ≥ t = ∅. If f
is an anti fuzzy subalgebra of X, then t is a permeable S-value for f.
Proof. Let x, y ∈ X be such that f (x * y) ≥ t. Using (3.3), we have
and so t is a permeable S-value for f. 
Theorem 3.19. Let f be an anti fuzzy subalgebra of a BCK/BCI-algebra X. For any anti permeable S-value t ∈ [0, 1] for f, we have
f ≤ t = ∅ ⇒ f ≤ t is an S-energetic subset of X. Proof. Let a, b ∈ X be such that a * b ∈ f ≤ t . Then f (a * b) ≤ t, and so min{f (a), f(b)} ≤ t by (3.6). Thus f (a) ≤ t or f (b) ≤ t, i.e., a ∈ f ≤ t or b ∈ f ≤ t . Hence {a, b} ∩ f ≤ t = ∅. Therefore f ≤ t is an S-energetic subset of X.
Corollary 3.20. Let f be an anti fuzzy ideal of a BCK-algebra X. For any anti permeable S-value t ∈ [0, 1] for f, we have
f ≤ t = ∅ ⇒ f ≤ t is an S-energetic subset of X.
Theorem 3.21. Let f be a fuzzy subalgebra of a BCK/BCI-algebra X and let t ∈ [0, 1] be such that f ≤ t = ∅. Then t is an anti permeable S-value for f.
Proof. Let a, b ∈ X be such that f (a * b) ≤ t. Then t ≥ f (a * b) ≥ min{f (a), f(b)}, which shows that t is an anti permeable S-value for f. It is routine to verify that A := {0, 1, 4} is an I-energetic subset of X.
The notion of I-energetic subsets is independent to the notion of S-energetic subsets. In fact, the S-energetic subset A := {a, b, c} in Example 3.2 is not an I-energetic subset of X since {d, a * d} ∩ A = ∅. Also, in Example 3.25, the I-energetic subset A := {0, 1, 4} is not an S-energetic subset of X since 3 * 2 = 1 ∈ A and {3, 2} ∩ A = ∅.
We have the following question.
Question. For any subset A of a BCK/BCI-algebra X, if A contains the zero element of X, then is A an I-energetic subset of X?
We provide negative answers to this question in the following examples. We give a condition for a subset to be I-energetic.
Theorem 3.28. For any subset A of a BCK/BCI-algebra X, if X \ A is an ideal of X, then A is I-energetic.
Proof. Assume that A is not I-energetic and let y ∈ A. Then there exists an element x of X such that {x, y * x} ∩ A = ∅ by (3.7), and so x ∈ X \ A and y * x ∈ X \ A. Since X \ A is an ideal of X, it follows that y ∈ X \ A. This is a contradiction. Therefore A is I-energetic.
Theorem 3.29. Let A be a subset of a BCK/BCI-algebra X with
Proof. Obviously 0 ∈ X \ A. Let x, y ∈ X be such that y * x ∈ X \ A and x ∈ X \ A. Assume that y ∈ A. Then {x, y * x} ∩ A = ∅ by (3.7), which implies that x ∈ A or y * x ∈ A. This is a contradiction, and so y ∈ X \ A. This shows that X \ A is an ideal of X.
Corollary 3.30. Let A be a subset of a BCK-algebra X with
Proof. It is straightforward because every ideal is a subalgebra in a BCKalgebra. Proof. Since f is an anti fuzzy subalgebra of X, f (0) ≤ f (x) for all x ∈ X. Let t ∈ [0, 1] be a permeable I-value for f. Assume that f (a * b) ≥ t for all a, b ∈ X. Using (3.8), (2.3), (III) and (V), we have Proof. Let x, y ∈ X be such that f (y) ≥ t. Then t ≤ f (y) ≤ max{f (y * x), f(x)} by (3.5). Hence t is a permeable I-value for f. Theorem 3.39. If f is an anti fuzzy ideal of a BCK/BCI-algebra X, then
Proof. Let x, y ∈ X be such that y ∈ f Thus min{f (a), f(b)} ≤ f (a) ≤ t and therefore t is an anti permeable S-value for f.
